PUBLISHED BY INSTITUTE OF PHYSICS PUBLISHING FOR SISSA

RECEIVED: July 18, 2007
ACCEPTED: August 9, 2007
PUBLISHED: August 16, 2007

I

1/4-BPS M-theory bubbles with SO(3) x SO(4)
symmetry

Hyojoong Kim and Kyung Kiu Kim

Department of Physics and Astronomy, Seoul National University,
Seoul 151-747, Korea
E-mail: kimhj76@phya.snu.ac.ky, kkkeagle@phya.snu.ac.ky

Nakwoo Kim

Department of Physics and Research Institute of Basic Science, Kyung Hee University,
Seoul 180-701, Korea
E-mail: pkim@khu.ac.ky

ABSTRACT: In this paper we generalize the work of Lin, Lunin and Maldacena on the
classification of 1/2-BPS M-theory solutions to a specific class of 1/4-BPS configurations.
We are interested in the solutions of 11 dimensional supergravity with SO(3) x SO(4)
symmetry, and it is shown that such solutions are constructed over a one-parameter familiy
of 4 dimensional almost Calabi-Yau spaces. Through analytic continuations we can obtain
M-theory solutions having AdSs x S3 or AdSs; x S? factors. It is shown that our result
is equivalent to the AdS solutions which have been recently reported as the near-horizon
geometry of M2 or M5-branes wrapped on 2 or 4-cycles in Calabi-Yau threefolds. We also
discuss the hierarchy of M-theory bubbles with different number of supersymmetries.
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1. Introduction

We have recently witnessed that a systematic analysis of supersymmetric solutions in su-
pergravity theories which utilises the existence of a Killing spinor can lead to a remarkable
insight into string theory and strongly coupled gauge theory via the gauge/gravity corre-
spondence [[]. Especially in [B], the authors consider 1/2-BPS fluctuations of maximally
supersymmetric AdS solutions in type IIB supergravity and find that the entire set of reg-
ular solutions can be matched with the phase space of one-dimensional free fermions. This
is in good harmony with the dual field theory, N' = 4, D = 4 super Yang-Mills model: in
the 1/2-BPS sector it is reduced to a Hermitian matrix model whose eigenvalues can be
treated as free fermions when one takes into account the Van der Monde determinant.

It is then natural to ask whether we can also identify the gauge dynamics for less super-
symmetric operators from the geometric constraints imposed by unbroken supersymmetry
on the supergravity side. While the 1/2-BPS solutions are equipped with SO(4) x SO(4)
which results in S® x S part in the 10 dimensional metric, 1/4-BPS operators have
SO(4) x SO(2) symmetry which implies that the solutions should have a S x S! factor.
Supersymmetric solutions of type IIB supergravity with such isometries have been studied
in [, A]. One can also consider 1/8-BPS solutions which have just a single S® factor in
the metric [ff], and it can be shown that the solution is constructed over a 6 dimensional



Kihler space obeying a type of non-linear Laplace equation for the Ricci tensor. See [ for
the study on a different class of 1/8-BPS solutions, and [ for a unified viewpoint and a
systematic analysis of supersymmetric regular solutions and the identification of the dual
operators to 1/2, 1/4 and 1/8-BPS solutions.

It is also interesting to apply this program to M-theory. In [P] the authors considered
the 1/2-BPS fluctuations, or bubbles, of M-theory as well and showed that the supergravity
equations are reduced to a 3 dimensional continuous Toda equation. It is expected that
this particular Toda equation is responsible for the dynamics of 1/2-BPS operators of the
superconformal field theory defined on M2 or Mb-branes, although in this case we do not
have a perturbative description of the dual conformal field theory and it is not clear how
to derive the Toda system from the field theory. See [§, [ for discussions on the solutions
of the Toda equation and their interpretations as giant gravitons.

One can try to determine the dual geometry for less-supersymmetric M-theory bubbles.
1/8-BPS solutions with an S? factor, or Ad.Ss when analytically continued, has been studied
already in [[[(] and the resulting BPS system satisfies, surprisingly enough, exactly the
same equation - now defined in 8 dimensions - which governs S bubbles of IIB theory.
A natural interpretation of such configurations is that they are dual to BPS operators
which are Lorentz singlet and holomorphic in SU(4) C SO(8) R-symmetry of the M2-brane
theory.

We are interested in 1/4-BPS bubbles of M-theory in this paper. If we consider the 6
dimensional field theory of M5-branes with (2,0) supersymmetry and restrict ourselves to
BPS operators which are Lorentz-singlet but holomorphic in SU(2) € SO(5) R-symmetry,
the dual geometry should carry an SO(6) symmetry which lead to an S°-factor in the metric.
A related problem of supersymmetric AdS5 solutions in M-theory has been addressed
in [L1] and the local geometry of the corresponding bubble solutions are obtained simply
through analytic continuations. Although it will be very interesting to study the bubble
solutions in detail and identify the dual operators, in this paper we restrict ourselves to
the other class of 1/4-BPS M-theory bubbles. In M2-brane field theory, if a given Lorentz-
singlet operator saturates the BPS bound and is written as a holomorphic combination of
two chiral multiplets, it should be invariant under SO(3) x SO(4) symmetry so the dual
geometry should contain S? x S3. We take this as our starting point and analyse how the
supersymmetry helps us determine the local form of the solutions, filling the gap between
the 1/2-BPS bubbles of [] and the 1/8-BPS solutions of [[l(J. There exist a number of
papers which explore the AdS/CFT relation using the supergravity backgrounds for specific
M-brane configurations as duals to interesting field theory objects such as Wilson loops,
defect conformal field theories etc. See for instance [[2-[4].

Once we establish the S? x S3 solutions, it is straightforward to obtain AdSs x S or
AdS3 x S? via a series of analytic continuations. They are interpreted more naturally as the
near-horizon geometry of (wrapped) M2 or Mb-branes with some extra isometries in the
transverse space. Such configurations have been already analysed using the supersymmetry
condition of brane probes in the Calabi-Yau threefolds, by [, [[f]. We will show that our
results indeed agree with the wrapped brane solutions.

Section 2 serves as the main part of this article. We first fix our convention and derive



the 6 dimensional Killing spinor equations in section2.1. We then analyse the algebraic
and differential equations of spinor bilinears to determine the geometry of the solutions in
section2.2. In section 3 we discuss how one can obtain the Wick-rotated versions AdSy x S3
and AdS3 x S? through analytic continuations, and show they are equivalent to the results
of [[[8, [[4]. In section4 and section 5 we discuss how our solutions can be related to 1/2-BPS
or 1/8-BPS M-theory bubbles from the literature. We conclude in section 6.

2. §? x 83 ansatz and the local form of the supersymmetric solutions

2.1 The metric ansatz and the Killing spinor equations in D =6

In this paper, we aim to study supersymmetric solutions in 11 dimensional supergravity
with SO(3) x SO(4) isometry which are dual to 1/4-BPS operators of the dual conformal
field theory in 3 or 6 dimensions. We thus assume that the spacetime metric should contain
52 x §3. More specifically, our ansatz is

dst, = e*Adss + e*Pdsis + g datdz”, (2.1)

G = F AVolge, (2.2)

where dS%g and ds§3 represent the metric of the round sphere with radius 1 in the ap-
propriate dimensionality. We dimensionally reduce the four-form field strength G = dC
to have a 6 dimensional gauge field F. Since electric(magnetic) configurations of G are
associated to M2(M5)-branes, in our setting M2-branes are wrapped on S? and M5-branes
contain the S® as part of the worldvolume.

We adopt the standard convention for the 11 dimensional supergravity with the la-
grangian density

1 1
L=Rx1—-GANxG—--CANGAG, (2.3)
2 6
and the supersymmetry transformation for the gravitino is given as
1
0y = Ve + 288 (FMMl"'M4 - 865\\4/[1FM2M3M4> Gy M€, (2.4)

with the spinorial parameter ¢ which should obey the Majorana condition. I'j; represents
the 11 dimensional gamma matrices satisfying

{Tar, TN} =2g9mn, (2.5)

where gy is the 11 dimensional metric tensor and M, N =0,1,...,10.

Above ansatz can be understood as the dimensional reduction of 11 dimensional su-
pergravity theory on (unsquashed) S? x S3, and we expect to have an effective action in 6
dimensions, which has the metric, two scalar fields A, B, and a two-form field strength F'
as the dynamical fields. It is worth noting here that in our ansatz the cubic Wess-Zumino
term in (R.3) has no effect, so from the form-field equation and the Bianchi identify for 11
dimensional field we know F' should satisfy simply

dF =0, (2.6)
d (e 2438 4 F) = 0. (2.7)



We need to choose a gamma matrix basis which respects the dimensional split we have
introduced, to derive 6 dimensional Killing spinor equations from the 11 dimensional one.
Our convention is, in Minkowski spacetime,

I'n=0,01®1, a=1,2
I =03®0,@v, a=1,2,3
Iy =0301®7,, w=0,1,... 5. (2.8)

where o are the Pauli matrices. For simplicity we will choose the basis where the 6 dimen-
sional gamma matrices 7, and ~7 are all antisymmetric.

We can decompose an 11 dimensional Killing spinor as an expansion over the Killing
spinors on S2, 93, i.e.

e=> (G®xi®ni+cc), (2.9)
7

where ((x) is a 2(3) dimensional spinor, and 7 is the Killing spinor of the 6 dimensional
system we are interested in. On the spheres S? and S3, the Killing spinor should be
conformally parallel, which means

_ 1
Vol = iiaaagg, (2.10)
Vax = :l:%oax, (2.11)

where V denotes the covariant derivative on the sphere with unit radius. For definiteness
let us choose the positive sign in the above relations for (,x. One can then derive the
following 6 dimensional Killing spinor equations from s = 0:

[aA - %e*“E + eﬂ n =0, (2.12)
[aB + ée*“}}r + z‘eBw} n=0, (2.13)
i i
Vun— 4—86 2‘47“1}7'77 + 1—66 2‘41}7‘7“77 = 0. (2.14)

A comment is in order on different sign choices in (R.1()) and (R.11)) and the number
of supersymmetries of our ansatz. The Killing spinors on the sphere should come in some

irreducible representations of the isometry group. They make a doublet of SU(2) for 52,
and (2,1)@(1,2) of SU(2) x SU(2) for S3. For each of them, we expect to have a nontrivial
solution to the 6 dimensional Killing spinor equation given above, so we should have 8
real solutions due to the Majorana condition in D = 11. Our ansatz thus should provide
1/4-BPS configurations in general.

2.2 Spinor bilinears and their properties

Let us now introduce the differential forms which are defined as spinor bilinears. We first



consider tensors whose components are given as 77y, ...,,,7. Our convention goes as follows:

C = inn, (2.15)

D = qym, (2.16)

Ky = iyun, (2.17)
Ly = v, (2.18)
Yo = MY, (2.19)
Y, = iy, (2:20)
Zywx = YN, (2.21)
Wiwnp = U0Yurp- (2.22)

Note that they are all real-valued. One can of course also define additional tensors such

/
as ZWA

solution is built upon a D = 4 Kahler space, so it is essentially the lower-rank tensors up

= 1YuwA¥7n, but it is Poincare dual to Z. We will see shortly that the D = 11

to 2-forms which are needed to specify the local geometry of supersymmetric solutions.

Due to antisymmetry of 7,, tensors such as 77T'y7n,nT'yMn,nT'yM’y777,nT'y,Wn vanish
identically. We can easily see 71 = 0 for nontrivial solutions from (R.12) or (R.13). We
are thus left with the following tensors,

War = 0" VY70, (2.23)
¢uu)\ = ’I’]T’)/MVXI’], (224)
w,uz/)\p = ?7T’Y;w,\p?7, (2'25)

which are in general complex-valued.

Now we are ready to study the geometry of supersymmetric backgrounds using the
existence of Killing spinors. We exploit the differential and algebraic constraints from
the Killing equations and Fierz identities to identify the local form of the supersymmetric
solutions.

Let us start with the scalars C, D. If we multiply 7 to (B.19) and (R.13),
1
e 4C =2e"PD = —66_2A77F’I7. (2.26)

Furthermore, when we take the derivative of C, we get

1

8;LC = Ee_QAﬁ[F, ’7#]77 (2-27)

= 0,AC. (2.28)
So, we fix the normalization of n and set
C=et, D=¢éP)2 (2.29)

From now on we will make use of these relations whenever we come across C, D.



Now let us turn to the vectors. From the Fierz identity one can prove that

K-L=0, (2.30)
K*+IL*=0. (2.31)

and K is time-like, whereas L is space-like. One can also prove that in general

1
' nf* = 5(L? = K?) = (C* + D?). (2.32)
But since n7n = 0, we have
2B
2= —K2=¢24 ¢ GT. (2.33)

Readers are referred to appendix for details on Fierz rearrangement identities in 6 dimen-
sions.

From the Killing spinor equations, it is straightforward to verify that
VK, =0, (2.34)

which implies K defines a Killing vector. And we can also see from the Killing spinor
equation that the isometry of the metric associated with K is actually a symmetry of the
whole solution. The Lie derivatives of scalar fields A, B and gauge field F' all vanish. As a
one-form, its exterior derivative is given as

de*K)=F +Y. (2.35)
For the other vector field L, from the algebraic relations we can derive

Ly = yuym
= ~e B9, (112D, (2.36)

and from the differential Killing spinor equation (R.13),

P oa .
Vily = —5¢ 2A0(F v + Yoy )y + 16° A0y By + v By, (2.37)

leading to a significant requirement:
V.-L =0, (2.38)

while the exterior derivative satisfies d(e~4/2L) = 0, which is consistent with (2:36).
Now let us try to specify the 6 dimensional metric using the information we have

collected so far. From the time-like Killing vector K, we introduce a time-like coordinate

t and set K = §,. With L we define a space-like coordinate as y = e*/?*8 and set
L = e?/2dy. Tt will be convenient to define a scalar ¢ as

: L 3472

sinh ¢ = Jve , (2.39)



to simplify the following discussions. In this coordinate system, we may write down the 6

dimensional metric as

4 2 A 4
2 __ 2A 2 -3 i e 2 _A o .
dsg = —e”" cosh” ¢ <dt + g Vidx ) + ool Cdy +e g hijdx'da’ . (2.40)

i=1 ij=1

Note that we have introduced a warp factor e~4 for the 4 dimensional space My with
metric h;; for later convenience.

The problem is now effectively reduced to 4 dimensions. When we introduce the gauge
potential as F' = dB, and expand

B = Bydt + B;dz" + Bydy, (2.41)
we have the following unknown functions in 4 dimensions.
1. metric h;;
2. scalars A, By, B,
3. vectors V;, B;

and they all depend on the 5 dimensional spatial coordinates g, z’ in general.
Equipped with the local form of the metric, we are now in a position to choose an

orthonormal frame. We set

e = e cosh ¢(dt + V), (2.42)
e® = e 4/2sech Cdy, (2.43)
el =e A2 i=1,2,3,4. (2.44)

where é' is an orthonormal frame of the 4 dimensional metric hij.

Our system in general preserves 1/4 supersymmetry of the 11 dimensional supergravity,
and the relevant projection rules can be best expressed using the orthonormal frame given
above. From the algebraic Killing spinor equations we can eliminate the term with ¥ to
obtain

(75 cosh ¢ + sinh ¢ + iys) n = 0, (2.45)

where the gamma matrices with hatted indices are defined in the tangent space. We can
simplify (B-49) in terms of 77 = e¢/?%5 and obtain

(1 + i’yg’y?)ﬁ = 0. (2.46)
Considering L = e” cosh e®, one can find the other projection condition
(1= i) = 0, (2.47)

and the normalization of 17,
4, (2.48)

Rafl
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The projection rules imply that 7 is a chiral spinor in My. As it is well known, an invariant
Weyl spinor in 2n-dimensional space defines an SU(n)-structure, and the intrinsic torsion
can be inferred from the derivatives of the invariant tensors which are constructed as spinor
bilinears L7, [L§.

The 4 dimensional SU(2)-invariant tensors are included in the 6 dimensional spinor
bilinears we have constructed, and we only need to see how the 6 dimensional tensors are
decomposed into 4 dimensions. One can either directly evaluate each component of the
tensors using (P.46), (.47) and (P.4§), or make use of the appropriate Fierz identities.
Recall first it is our convention that

K = —e**cosh? ¢ (dt + V), (2.49)
L = A 2dy. (2.50)
From (B.11)) and (B.12),
1
Y = 5(dt+V) Nydy + J, (2.51)

where J = %Jijdxi/\dacj is a 2-form in 4 dimensions which may have a nontrivial dependence
on y. The higher-rank tensors turn out to be products of one- and two-forms given above.

One can also easily see that the 3-form Z can be written as

Z=—-KANY (2.52)
= e cosh? ¢ (dt + V) A J. (2.53)
and the 4-form W is
W= —%e*AY AY (2.54)
= —%e*AJAJ— (dt+V)AydyAJ. (2.55)

One can also consider the complex-valued 2-form w and find it is a 2-form purely in My
as one can readily see from (B.16) and (B.17). In addition to that, we have

d
¢ = —e A2 <%(dt +V)+ icosgz <> Aw, (2.56)

Y = At + V) A dy Aw. (2.57)
From the direct evaluation or the normalization properties such as (B.9) and (B.10),

we see that J can be used to define an almost complex structure with metric h;;, and
Q = (sech ¢) - w provides the properly normalized (2,0)-form, satisfying

1 — 1

The 6 dimensional derivatives can be decomposed with respect to our coordinate choice,

SO we can write

d=dy+dyAdy,+dtAd,. (2.59)



We now resume the computation of exterior derivatives for our spinor bilinears. Again
employing the algebraic and differential Killing spinor equation, one easily obtains

dY = 0. (2.60)

When rephrased in 4 dimensional language, it implies

dyJ =0, (2.61)
0,J = —%du/, (2.62)
O¢J = 0. (2.63)

One can also see that
dw = 0, (2.64)

which implies

dy(cosh ¢ - ©2) = 0, (2.65)
Oy(cosh (- Q) =0, (2.66)
O¢(cosh ¢ - ©2) = 0. (2.67)

The 4 dimensional derivatives of the SU(2) tensors (R.61]) and (P.6) determine the SU(2)
structure and the intrinsic torsion of My. From the fact that the (1,1) form J is d4-closed,
and their exists a (2,0) form cosh ¢ © which is also closed, we conclude that My is almost
Calabi-Yau [[[9]. One notes that (R.65) can be expressed as

dsQ =iP A Q, (2.68)

with 3

P=3 tanh? ¢(J - dA). (2.69)
As it is well-known, P is the Ricci potential whose exterior derivative gives the Ricci form
R =dP.

For higher-rank tensors, after similar manipulations we obtain

d(e*1Z) = 2 W — F 0, (2.70)
d(e W) = 0, (2.71)
d(cA24) = %e—f‘/%. (2.72)

We can check that these equations automatically hold once we demand the supersymmetry
conditions given in previous paragraphs. It is basically because these higher-rank tensors
are expressed as exterior products of 1 and 2-forms, as given in (R.53), (2.54), (2.59),
and (R.57), and do not pose genuinely new invariant tensors.

The gauge field F' can be determined by (2.35) once the geometric data and scalar field
A are given. When decomposed into 4 dimensions we have

F=—d(&" A (dt + V) + e cosh? 9,V Ady + F, (2.73)



where F represents the 4 dimensional part of F' and is given as
F=—J—e* cosh? ¢dyV. (2.74)

At this stage, we can make use of the algebraic Killing equation (R.13) to derive various
constraints on F. In particular, we consider (A.9), (A.5) and find the following relations,

2
(d4V)4 = Qay(lncosh Q)J, (2.75)
inh2
0,V = —%J -dA. (2.76)
ycosh™ ¢

We now see that the Ricci potential P can be written more succinctly as
_ Yy 2
P = ~1 cosh” (0,V, (2.77)

and when we take dy,
1
yo, <§8yJ> =dy (J - dsech®(). (2.78)

This equation can be considered as a higher dimensional analogue of the Toda equation for
the 1/2-BPS fluctuations considered in [fJ]. 1/4-BPS bubbles of IIB supergravity satisfies
a very similar differential equation, see (58) of [J].

We are now in a position to check whether our supersymmetric configurations de-
scribed so far automatically satisfy the classical field equations. As well-established by
now, supersymmetry requirements combined with the Bianchi identity and the form-field
equations imply that the Einstein equation is satisfied, unless the Killing spinor is null [2(].
For the solutions of our interest in this paper, K? = —L? < 0 so the Killing spinor is not
null. From the equations (R.35) and (2.51)) it follows that

dF = 0. (2.79)

Now let us check the field equation (R.7). Among the various supersymmetry requirement

conditions, we use (2.33), (A7), (B.53) and (R.54) to obtain an expression for *F in terms

of the geometric data including A.
«F =e PY AY 428247 Bd(e K N Y). (2.80)

Now we can check (2.7) using the 4 dimensional decompositions of K,Y given
in (2-49), (B-60). It is straightforward to see that it vanishes provided 9, (cosh? (J A J) = 0.
But this is a consequence of (R.3§), or equivalently (R.69). So we have now eastablished
that the equations of motion are satisfied for our supersymmetric configurations.

2.3 Summary of the result

Let us give a summary of our results in this short subsection for easier reference. One can
rephrase our results in a more concise way as follows. The 1/4-BPS solutions of M-theory

,10,



with S? x S2 can be always written, up to a coordinate transformation, as follows.

4/3
ds?, = <L> |:dS§2 + 4sinh? ¢ ds?qg,

2sinh ¢
4sinh? ¢ y? ,  dy? .
+ — dt +V)* + + hyjdztda? )|, 2.81
y? < 4tanh2c( ) cosh? ¢ JALaE )] ( )
1
G = Volgz A (%dy A+ V) — Zd[yQ coth? ¢ (dt + V)} - J). (2.82)

The 4-dimensional base space with metric h;; is almost Calabi-Yau, i.e. its SU(2) structure
is dictated as

d4J = dy(cosh ¢Q) =0, (2.83)

which implies that the Ricci potential is given as
P =—J-dslncosh(. (2.84)
The y-dependence of the 4-dimensional space is described as
0,J = —%d4V, 8, (cosh ¢Q) = 0. (2.85)

It turns out that the supersymmetry also requires that the Ricci potential has an alternative
expression

pP= —% cosh? ¢a,V, (2.86)

and the integrability condition for V' then leads to the following equation.

yo, G@,J) =dy (J - dsech®(). (2.87)

3. Analytic continuation to AdS, X S and AdS; x S?

We have so far considered a specific class of supersymmetric solutions in D=11 supergrav-
ity: configurations with an S? x S3 factor. If one is interested in similar problems, for
instance M-theory solutions with AdSy x S3, obviously the same technique can be used
to first derive the 6 dimensional Killing spinor equations and then study the local form
of the metric and form-fields constrained by unbroken supersymmetries. But since we are
interested in solutions containing a product of maximally symmetric spaces with the same
dimensionalities, we can simply take multiple analytic continuations to transform our re-
sults on S? x 83 to AdS, x S3 or AdSs x S?. Actually, such new solutions might have
even more significance in general. AdSy x S? is the near-horizon geometry of 5 dimensional
black holes, so the general form of the metric can be very useful in the systematic study
of 5 dimensional supersymmetric black holes embedded in 11 dimensional supergravity.
AdS3 x S? solutions are potentially dual to 2 dimensional supersymmetric conformal field
theory whose R-symmetry has an SU(2) factor.

Alternatively, one can also interpret the AdS solutions as a near-horizon limit of M2
or Mb5-branes. If one recalls that in our ansatz we have dimensionally reduced the 4-
form field of the 11 dimensional supergravity on S2, one can easily conclude that the

— 11 —



AdSy x S? solutions are purely M2-brane configurations while the AdSs x S? solutions
are composed purely of M5-branes. Since we have 1/4-BPS solutions, we can consider
either intersection of two M-branes, or M-branes wrapped on supersymmetric cycles of
Calabi-Yau 3 manifolds, to obtain the desired solutions.

In fact, AdS solutions as near-horizon limits of wrapped M-branes have been system-
atically studied recently, first for M5-branes in [[§] and also for M2-branes in [[[g]. The
authors used the fact that the Killing spinors of the supergravity configurations should
obey the same projection rule required for the probe brane action, and found the local
form of the solutions in an efficient way using the calibration conditions. AdSs x S? solu-
tions are given in (6.8-6.15) of [1F], and AdSs x S? solutions given in (4.12-4.19) of [Lf].
One can check that these AdS solutions are exactly the same as our solution, albeit writ-
ten in different variables. Here we briefly sketch how to establish the equivalence of [[[5]
and our results. A similar relation can be also easily found with AdS, x S® solutions
of [[d]. It is useful first to note that the triplet of almost complex structures J!, J2 J3
which describe the 4-dimensional base space in [1J] are translated in our convention as
J'— e AT J? +iJ3 — e 4. Now it is straightforward to check that (6.10) and (6.11)
in [[§] correspond to (£.64). Similarly, (6.12) of [[F] is equivalent to (P.60). In particular,
when we complexify (6.13) and (6.14), the resulting equation is equivalent to (.72).

In the rest of this subsection we illustrate how one can analytically continue S? x S3
solutions to obtain AdS solutions, and write the form of the metric for easier reference.
By analytic continuation we mean we set all the coordinates of the round sphere to pure
imaginary. For instance, start with the 2-sphere with metric

ds*(S?) = db? + sin® 0d¢?, (3.1)

and through the reparametrization 8 = ip, ¢ = i7, the metric becomes
ds®* = —dp? + sinh? p dr? (3.2)
= —ds*(AdS,). (3.3)

To fix the overall sign of the metric, we further take the re-definition €24 — —e?4 but leave

e?B invariant, or y?> — iy2. In particular, now the metric can be written as

e
ds® = eQAdsidS2 + yZe_Adsés + e cos? ¢(dip + V)2 + 02 ¢

where we introduced a space-like coordinate v by setting ¢ — 1. ( is defined as

dy? + e Ahijdaida?,  (3.4)

1
sin¢ = gye*f“‘/?, (3.5)

so for consistency the range of y is restricted to satisfy sin?¢ < 1, unlike the S2? x S3
solutions.
It is also straightforward to consider AdSs x S?. The metric can be written as
A 24

2 - . .
ds* = e*Ads?, —i—er_AdsidSS + % cos? E(dip+V)? + dy® +e A hijdatda?, (3.6)

y2 cos? &
with 5
sin€ = =¢34/2, (3.7)
Y
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4. Examples and the identification of Kahler spaces

The most prominent examples of M-theory solution with S? x S are certainly the maxi-
mally supersymmetric configurations AdSy x S” and AdS; x S*. For definiteness here we
consider AdS; x ST and re-write the metric in a way compatible with our results in this
paper. The other case of AdS7 x S* can be treated in a similar way.

Let us first start with the 11 dimensional metric, which can be written as follows to
make SO(3) x SO(4) isometry manifest.

ds?, = R? [d,o2 — cosh? pdt? + sinh? p ds3 + 4(df? + sin® fds3 + cos® 9d§§)} . (4.1)

Let us choose ds2 and dsg as the part corresponding to our S? and S3. Obviously, we can
identify as

e*4 = sinh? p, (4.2)

e?B = 4sin? 0,

SO

sinh¢ = ——. (4.4)

In order to identify the 4 dimensional locally Kéhler space, we split the metric of S? using
the left-invariant forms of SU(2).

ds3 = (O‘% + 03 + a§) (4.5)

[ = |

= [+ +of + 03] (4.6)

where da = 01 A 9. Now if we take the re-parametrization ¢ — 1 + t the 6 dimensional

part of the metric becomes

2 0
ds? = —(sinh? p + sin0) |dt — A
6 ( P ) sinh? p + sin? 6 ’
cosh? p cos? 6

2 2 2 2 (2 2
—————05 + dp* 4+ 4dO” + cos” 0 + . 4.7
sinh2p+sin2903 P (o1 +03) (4.7)

First of all we can now see the identification

cos? 6

V=-———s——0;3.
sinh? p + sin 6 5

(4.8)
In order to identify the 4 dimensional Kahler part which is transverse to K, L vectors, it is

CSS;; Cdy2 part of (B.40) and subtract it from (f.7). Upon the change

required to compute
of coordinates

y = 24/sinh psin 6, (4.9)

v = 24/cosh pcosb, (4.10)

,13,



it is straightforward to check

sinh p 9 cosh p

dp* +4d0* = —— " dy* + ——
P sinh? p + sin? 6 Y sinh? p + sin? 6

dv?, (4.11)

where p,0 are now treated as functions of y,v implicitly through the inversion
of (£.9), (E10). Now we can write down the metric of My which is expected to have
a locally Kéhler structure.

cosh p )2 cosh? pcos? 6
29

d53\44 = Sinhp 0'% + COS2 9(0’% + O'%) . (412)

sinh? p + sin? 6 sinh? p + sin
The conditions on the SU(2)-structure of My, such as the equations which are derived

from dY = dw = 0, can be verified once we fix the complex structure, or the Kahler form
of My. It turns out that we need to choose

_ sinhp cosh?/? pcosf

J dv A o5 + sinh pcos® 0 o1 A o9, 4.13
sinh? p + sin? 6 73 P o1 ( )
then it is straightforward to check that
dyJ =0, (4.14)
0, = —%dw, (4.15)

indeed hold. The rest of the constraints can be also shown to be satisfied.

We next consider the 1/2-BPS bubble solutions of M-theory obtained in [B]. The
relevant little group of the supersymmetric states is SO(3) x SO(6), which should appear
as S? x S° within the dual geometry. The Killing spinor analysis has been performed in [g
and we quote the result here,

ds” = 4 (1 + e (dt + Vide')’ + 35— [df° + e”(dai + daf)
+4e*ds?(S%) + e P ds?(S?), (4.16)
G = Vol(S?) A F, (4.17)
oyD
—6X y
S~ _ ’ 418
y(1 —y9,D) | )

- 1
V'Z' = §EijajD, ( )
F = dBy A (dt+ V) + B;dV + dB, (4.20)
By = —43%e %, (4.21)
dB = 2 #3 [(y92D + y(9,D)? — 8,D)dy + yd;0,Ddx"] . (4.22)
The scalar function D satisfies a 3 dimensional version of the Toda equation

(07 + 03)D + 0eP = 0. (4.23)

In order to identify the 4 dimensional almost Calabi-Yau space as a verification of our
result, we first write S° as a fibration over S3,

ng = do? + cos? adip? + sin® ozdSQ(Sg), (4.24)

- 14 —



Obviously one can identify

A = e, (4.25)

B = 4e* sin’ a. (4.26)

In order to identify the 4 dimensional Kéahler base, we first shift v — 1 + ¢, and introduce
a new set of coordinates (y, v, 21, 22) from (7, a, x1, z2) as follows

y = 24y/ysina, (4.27)

= P2 cosa, (4.28)
21 = 11, (4.29)
29 = To. (4.30)

Then one can show that the metric tensor becomes
ds?; = 7?e M ds?(5?) 4 4 sin® a ds?(S?)

- 2
(14 72 MV — cos? ady n ge— A 9
sin? o + 2e 6

—4(e* sin?a + §Pe ) |dt +

sin? o 4 j2e—6A

o _ 1 g2676)\ B g676)\

12X 2 2 D2 2
+ 4 dy—V)" + dzi +d
ye { YOS YinZa + §26*6>‘( ¥ ) 1+ §26—6>‘e (dz1 + dz)

1 + ng—G)\
sin? o + 262

- . 2
+4ge~ P [du + P2 cos a(Vadz, — VleQ)] } (4.31)

We choose the Kéahler form as

pp_ 1+ TR

J = 4gcosa e” SnZ o+ e (du + P72 cos a(Vadz — ‘71d22)> A (dip — V)
= —6)
LR =0y —5226_6)‘ ePdzy A dzo, (4.32)

and one can check that dsJ = 0 and 9,J = —4d,V, using (.23). The (2,0)-form € is
taken as follows,

~ _6A 1/2
. B ye
QO=¢"(4 .
< ysinza—l—g%ﬁ)‘)

[(du + eP/? cos a(Vadzy — Vidza)) + i(dip — f/)] A (dzy — idzq), (4.33)
which satisfies

d4(cosh () =0, Oy(cosh (Q2) = 0. (4.34)

5. The relation to 1/8-BPS AdS bubbles

Supersymmetric M2-brane configurations with an AdS; factor in the metric has been stud-
ied in [[I0). Tt turns out that the 9 dimensional internal space should take the form of a
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warped U(1)-fibration over an 8 dimensional Kéahler space Mg. One can also easily trans-
late the results into the case of solutions with an S?, instead of AdSs, through analytic
continuation. They would in general provide 1/8-BPS bubbles of M-theory. The specific
type of solutions with S? x S? we have studied in this paper can be considered as a special
case of such 1/8-BPS solutions. In this section we show how the 1/4-BPS solutions studied
in this paper can be re-written in a way as presented in [[L], RT].

Let us first briefly summarize the result of [[[]]. One starts with the following ansatz:

ds? = ¢4 [ds*(Sa) + ds*(Yy)]
G = Vol(S®) A F. (5.2)

The existence of a nontrivial Killing spinor restricts the local form of the solution as follows,

ds*(Yy) = —(dt + P)? + e 34ds*(My), (5.3)
F = J+d|ca+ P)|. (5.4)

Mg is required to be Kahler with Kéahler form J, and Ricci potential P. The warp factor
is also determined purely by the geometric data of Mg,

1
e 34 = —5 . (5.5)

The Einstein equation combined with the supersymmetry requirement demands that the
Ricci tensor of Mg should satisfy the following equation.

1
OR — 532 + Ry R™ = 0. (5.6)

One can construct new AdSs (or S?) solutions in 11 dimensional supergravity based on a
solution of (b.6). Indeed, a countably infinite number of new AdSs solutions in M-theory
have been obtained in [RI]] using a co-homogeneity 1 solution of (E.6).

Let us now try to identify the 8 dimensional space from the result we obtained in this
paper. Obviously we first identify the two S$?’s in (2.4() and (F.1)) and set A = A. We then
write the metric of S explicitly using the left-invariant forms of SU(2)

ds*(S?) = — (0] + 03 + 03) . (5.7)

FN

Now upon a coordinate shift o3 — o3 + dt, we can re-arrange the metric (R.40) into a form
found in (b.1]) and (5.3), and identify the metric of 8 dimensional Kéhler base as

2

2
s%(Mg) = sech? ¢ dy?* + yz cosh? ¢ (o5 — V)2 + 2= y (o} + 03) Z hijdz'dz?. (5.8)
1,j=1
And the Ricci potential is given as
P =V cosh? ¢ — sinh? € o3. (5.9)
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In order to check the consistency conditions we introduce the Kéhler form of Mg as

2
Jg = %dy/\(Ug—V)+yZUl/\UQ+J4, (5.10)

where J4 denotes the Kahler form of My. One can easily check dJg = 0 using (9yJ4+%d4V =
0. The associated (4, 0)-form is given as

2
Qg = (%sechcdy + iyz cosh ((o3 — V)> A (o1 +io2) AQy. (5.11)

It is also straightforward to check dQg = iP A Qg with P given as (5.9), so dP indeed gives
the Ricci-form of Msg.

6. Discussions

In this paper we have used the technique of Killing spinor analysis to determine the geomet-
ric constraints imposed by the requirement of supersymmetry and SO(3) x SO(4) isometry
in M-theory. The main motivation for this work has been to generalize the AdS bubble
solutions of [ to 1/4-BPS solutions. Like other examples of supersymmetric AdS bubbles
reported earlier in [J—f, [[(], it turns out that the 11 dimensional spacetime is based on a
Kahler subspace. It is natural to associate this symplectic structure with the phase space
of the gauge field dynamics for the BPS sector. We have derived a set of partial differen-
tial equations which determines the Kahler base space and eventually the 11 dimensional
metric and the gauge field. Technically the partial differential equations can be derived if
one first considers AdSy x S3 or AdSs; x S? and continue analytically to S? x S2 case. The
relevant AdS solutions have been already studied in [[§] and [[ld]. We argued that all of
them essentially lead to the same equations, in section3.

Once we have reduced all the equations of motion in 11 dimensions down to 5 di-
mensions spanned by ¥, 2, the next step is to solve the equations like (R.7§) and obtain
new solutions. We leave this task for future publications, and put more emphasis on the
hierarchy of Ké&hler spaces associated with different types of AdS bubbles. 1/2-BPS bub-
bles of [, including the maximally supersymmetric solutions, provide nontrivial solutions
of () In turn, the solutions presented in this paper would automatically satisfy another
highly nontrivial equation (b.6) which describes the dynamics of 1/8-BPS bubbles.

It is also very important to find the connection of our results with the dual field
theory dynamics. For 1/2-BPS bubbles of IIB theory, where the field theory is amenable
to perturbative analysis since it is reduced to a hermitian matrix model, there has been
considerable progress in relating the Yang-Mills theory with the semiclassical treatment
of IIB supergravity theory [B3-R7. See also [B] for analogous discussions on bubbles
of AdS3 x S3. Together with the insight one earns from the concrete computations on
both sides of the duality in the above works, we hope that our results on the geometry of
supergravity solutions play an important role in uncovering the microscopic building block
of the dual conformal field theory on M-branes.
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A. Algebraic relations between the spinor bilinears

A number of algebraic equations can be derived for the spinor bilinears from the algebraic
Killing equations (R.19) and (R.13). We first start with (R.19) and take contractions with
7 after multiplying different numbers of gamma matrices. If we multiply 7 we have

>
\[:D/D—‘

KFr9,A =0, (

E,YH 4 6e24 = 0. (

I

And if we take contractions with 77, to get one-form equations we obtain

A + %e_QAFWK” =0, (A.3)
K, — %e‘AZW,\F”A + eV, 0"A = 0. (A.4)
Similarly the two-form identities are
e—A
F — TWWBFW +3Y, +3(K,0,A — K,0,A) = 0, (A.5)
Zywa 0™ A + %e—“ (YaaF,* = YouF,*) = 0. (A.6)

Let us present a 4-form equation also here which plays a crucial role when we check the
gauge field equation of motion. One multiplies 7, to (2.12) and find

1 1
W—§YAF+6e—A+B*F+eAZAdA:o. (A7)

One can also first eliminate ' in the equation and construct various spinor bilinear,

i.e. start with
[P(A+2B) + e + 2ie By p=0. (A.8)

If we multiply 7 from left the real part gives
K"9,(A+2B) =0, (A.9)

and the imaginary part is
D =e4BCy2. (A.10)
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Below we list several of such algebraic relations.

LF9,(A+2B) = 2¢7BC + 74D, (A.11)
L:fgCMA+2BL (A.12)
Y’::—%e*A+BY’—e*AKz«L, (A.13)
7' = +ed(A+2B)AY, (A.14)
W=—et"Pxy +dA+2B)AZ. (A.15)

B. Fierz identities

In this section we present a list of useful Fierz rearrangement identities for 6 dimensional
commuting spinors. Our Killing spinor system is very similar to the 1/4-BPS solutions
considered in [f], and we find the appendix very useful. Readers are referred to [Jj] for more
identities and detailed derivations. In this section we will repeat some of the derivations
in [f] and rephrase them in our convention for quick reference and self-sufficiency. We will
also consider identities involving n?7. In particular it will be shown how to derive (2.33).

In our convention v, are all antisymmetric and generate 6 dimensional Clifford algebra.
The chirality is defined in terms of

V7 = 701234565 (B.1)

and the positive(negative) chirality part of a spinor 7 is given as 7y = %(1 + 7).
The basic relation for Fierz rearrangement is (see (63) in [{])

o 1. _ _
N112M3N4 = 3 (Mnafizne + MY7N4T37Y712)

(MY nai3Y" 2 + Y Yrnafiz Y vin2)
(MyumansY e — My yrnanzy" yin2)

~ 9% (ﬁwummﬁﬂ“MW — MY Y7737 "A77772> : (B.2)

If we choose 71 = 7+, M2 = 1+, 73 = 7+ and 74 = 7,7+ one can derive
(K+L)?=0, (B.3)

which in turn implies (B-30) and (P-31)).
If one uses M1 = 74, m2 = 1,73 = 7— and 74 = N4 we get
1

1
C2 D2:_L2_K2 -
* 4( )+48

(7% - 7). (B.4)

In order to prove (R-33), one chooses i1 = nt,me = n_, 73 = 7— and n4 = Yon*., to find

1

5227, (B.5)

1
!nTn\2 = Z(L2 - KQ)
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and as a result we can verify (R.33).

It is also desirable to compute the square of two-forms Y and w. Choosing 1 =

NysM2 = 1,73 = N4 and 1y =1, we get

1

C? - D?* = E(Y2 - Y™, (B.6)
1

CD = Y- Y/, (B.7)

and we also consider 7; = 771, N = 1n—,N3 = N4+ and g = yon* and find

1

8(Y2 +Y"). (B.8)

Wl = — (€ + D) +
We can thus conclude,
Y2 =4C? —2D? +4lnTn|?,  Y'? = —20? +4D? + 4nTy)?, (B.9)
We can also use 7; = 771, N2 = Yon’,N3 = N4+ and ny = n— to obtain
In"nf* = %w ‘W' —4(C*+ D?). (B.10)

In order to see the decomposition of 6 dimensional tensors in terms of 4 dimensional
ones, we need to compute their contractions with L and K. The results are given in (75),
(76), (77) and (78) of Donos. In our notation they become

ixY = DL, (B.11)
i,Y = DK, (B.12)
iKY’ = CL, (B.13)
iLY' = CK. (B.14)

To compute the contraction of w with one-forms we consider 71 = 7+, 172 = 1N+,73 = nkt
and 1y = Y*v,n+ and find

(£ ) - 1"y (1 F v7)n =0, (B.15)

which leads to
ixw = %(nTn)L, (B.16)
ipw = %(nTn)K- (B.17)
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